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ABSTRACT

Applying 1D inversion to 2D magnetotelluric data allows the geophysicist to obtain
fast and meaningful results, despite the inherent limitation of trying to approximate
the subsurface response by models that vary only in one direction. This paper
presents a way to minimize this limitation by performing the inversion of a set of MT
soundings with constraints that take into account the lateral variations in the resistivity
of the subsurface. The data from all sounding stations in an MT survey line are
inverted jointly, producing layered columns with lateral smooth transitions. This process
takes advantage of the low computational cost of 1D inversions, and it generates an
approximate 2D model that can be useful as a first guess in a full 2D inversion. Two
synthetic examples are used to evaluate the practical utility of the algorithm.

Keywords: Data inversion. Regularized inversion. Lateral constraints.



RESUMO

A inversdo 1D de dados magnetotellricos 2D permite ao geofisico obter resultados
rapidos e significativos, apesar da limitacao inerente de tentar aproximar a resposta
da subsuperficie por modelos que variam apenas em uma direcdo. Este trabalho
apresenta uma forma de minimizar esta limitagdo, realizando a inversdo de um
conjunto de sondagens MT com restricoes que levam em consideracao as variagoes
laterais na resistividade da subsuperficie. Os dados de todas as estacbes de
sondagem de uma linha de levantamento MT s&o invertidos em conjunto, produzindo
colunas estratificadas com transicoes laterais suaves. Esse processo aproveita o baixo
custo computacional das inversées 1D e gera um modelo 2D aproximado que pode
ser Util como uma primeira suposi¢cdo em uma inversdao 2D completa. Dois exemplos
sintéticos sdo usados para avaliar a utilidade pratica do algoritmo.

Palavras-chave: Inversao de dados. Inversao regularizada. Vinculos laterais.



Figure 1

Figure 2

Figure 3

Figure 4

Figure 5

Figure 6

Figure 7

Figure 8

Figure 9

Figure 10

Figure 11

LIST OF FIGURES

Example of the organization of parameters in a 2D structure. The red

triangles represent sounding stations. 12
Section view of model 1. 17
TM mode apparent resistivity and phase pseudo sections. 18

Resistivity models obtained by 1D inversion using (a) Global
Smoothness and (b) Total Variation regularization in the vertical
direction and no lateral constraints. 19

Resistivity models obtained by 1D LCI using (a) GS (A = 10*, oy =
5x1077and oy =5x 107%) and (b) TV (A = 10*, ay = 1073, ay = 107#

and 8 = 1073) regularizations in both vertical and lateral directions. 21

Data fitting curves for the 1D LCI using GS: positions (a) x = —5km, (b)
x~ —0.55km and (c) x = 5km. 23

Data fitting curves for the 1D LCI using TV: positions (a) x = —5km, (b)

x>~ —0.55km and (c) x = Skm. 24
Section view of the model 2. 25
TM mode apparent resistivity and phase pseudo sections. 26

Resistivity models obtained by 1D inversion using (a) GS and (b) TV
regularizations in the vertical direction and no lateral constraints. 27

Resistivity models obtained by 1D LCl using (a) GS (A = 10*, ay = 107>
and oy =3 x 1074 and (b) TV (A = 10*, ay = 107*, oy = 5 x 10~* and
B = 1072) regularizations in both vertical and lateral directions. 28



Figure 12 Data fitting curves for the 1D LCI using GS: positions (a) x ~ —0.57km
above the first block (b) x = Okm right in the middle of the two blocks
and (c) x ~ 0.57km above the second block. 30

Figure 13 Data fitting curves for the 1D LCI using TV: positions (a) x ~ —0.57km
above the first block (b) x = Okm right in the middle of the two blocks
and (c) x ~ 0.57km above the second block. 31



CONTENTS

T INTRODUCTION ...ttt e et esssannnnsnnnnnnnnnnnssssssrssnnnnnns 10
2 METHOD O LOGY o iiiitittisaaaaeeeeesssssssssnnsnnnnnnnnnnnnssssssssnnns 11
2.1 Inversion theoreticalrevision ............. . ... . 12
2.1.1 Regularized Inverse Problem ... .. ... . . 13
2.1.1.1 Global SMOOthNESS . . . ...t 13
2.1.1.2 Total Variation . . ... 14
2.1.2 Gauss-Newton method with Marquardt’s strategy .. .................... 15
3 APPLICATION. ...ttt tttttsnnnnnnnnnnnssssssssssssnnnnnnnnnnnnnnnnssnnns 17
3.1 Model 1 ... 17
3.2 Model 2 ... 25
4 CONCLUSION. . .itiiiiiiiiii ittt ssssssnnnnnnnnnnnsssssssssssssnnnnnnnnnnnnns 33

REFERENCES ... .ot e e i i i s e e 34



10

1 INTRODUCTION

The interpretation of magnetotelluric (MT) data can be done either qualitatively,
by means of the apparent resistivity an phase pseudo-sections, or by solving the
inverse problem, which consists in determining the geo-electrical structures from the
geophysical data. Starting with the observed data and a physical law, it is possible
to obtain the parameters of an interpretive model of the subsurface. However, this is
a difficult problem because of the complexity of the Earth’s interior structures and the
lack of enough information in the observed data to resolve those structures.

1D inversion of data from a single sounding station can be performed to resolve
the resistivities of a layered interpretive model composed by a number of homogeneous
layers over a homogeneous half-space. In this case, the forward modeling problem
is a fast and accurate implementation of an analytical solution (VOZOFF, 1991),
which leads to an inversion program that is fast and economical in terms of memory
requirement.

When lateral variations exist in the geo-electrical structure, a full 2D or even 3D
inversion may be required for better accuracy. In these cases, one can simply start
with a homogeneous interpretive model and leave the iterations converge to a solution.
The choice of a first guess that may already be an approximation of the true values
sought in the inversion can reduce the processing time by requiring less iterations to
converge.

In this paper, we apply a method to generate approximate first models for MT
inversion, using 1D joint inversion of data from the whole set of sounding stations
spread on a survey line. The method implements a 1D laterally constrained inversion
(LCI) technique (MIORELLI, 2011) that is capable of performing inversion of large
datasets, at a low computational cost. An analysis of the method is performed by
applying it to synthetic data sets from two-dimensional models.
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2 METHODOLOGY

1D inversion of data from a single MT sounding station can be performed
to generate resistivity values for a sequence of homogeneous layers. This is an
intrinsically ill-posed problem (HADAMARD, 1902), due to the limited amount of
information in the data, the existence of several different sources of noise, and the
complexity of the real geological structures, which is always greater than that of
the interpretive model. Therefore, a stable solution will be achieved only with the
inclusion of some kind of constraint on the parameters. Usually, smoothing constraints
(CONSTABLE; PARKER; CONSTABLE, 1987) are used because they are simple to
implement, and guarantee a solution, even if sometimes at the expense of a better
fitting of the data.

Inverting each sounding separately can generate useful models. However, in
most areas of interest there will be regions where the two-dimensional nature of the
geo-electrical structures imposes itself on the observations, making it impossible to
properly fit the sounding curves with synthetic data from layered models. In these
cases, it is desirable that the inversion of one sounding be allowed to influence the
inversion of its neighbouring soundings, in such way that the demand for fitting the
data can be relaxed in favor of the demand to generate laterally smooth solutions.

The method described in this paper performs the joint inversion of data from a
set of MT sounding stations, each one generating a sequence of resistivity values that
represent a vertical column in a layered model. All columns, one for each measuring
station have the same number of layers of the same thicknesses. The method applies
lateral smoothing constraints (AUKEN; CHRISTIANSEN, 2004; AUKEN et al., 2005)
between the resistivities in the same layers in the columns corresponding to adjacent
sounding stations (Fig. 1).

In all the examples shown here the method is applied to synthetic data from
2D transverse magnetic (TM) propagation mode surveys. The observed data are the
real Re(Z;) and imaginary Im(Z;) components of the apparent impedance vector. The
interpretive model is a horizontal plane-parallel layered medium and the parameters
are the logarithmic values of the resistivities of each layer (ZHDANOV, 2002; SANTOS,
2004).
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Figure 1 — Example of the organization of parameters in a 2D structure. The red triangles
represent sounding stations.
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2.1 Inversion theoretical revision

Most of the geophysical problems are non-linear, meaning that the observed
data are not a linear combination of the model parameters. A geophysical dataset
d, with N, observations, is to be fit by synthetic data generated from the N, model
parameters in vector P. The relationship between the synthetic data d; and the
parameter set is in the form

d, =F(P), (2.1.1)

where F is an non-linear vector function that represents the forward modeling operator.
This vector function also depends on the frequency w, and on the measurement
position (x,y,z).

Since the function F doesn’t have a unique inverse, the problem of determining
a set of parameters that generate synthetic data that approximate the observations is
defined as that of minimizing a functional ¢, that measures the misfit of the model’s
forward response F(P) for a given set of parameters P to the observed data d:

¢4(P) = |d —F(P)||* = [d —F(P)]"[d — F(P)] (2.1.2)

Optimization methods are used to find the solution of this type of problem,
where the objective is to find the minimum of the data misfit functional ¢,, that is, to
minimize the difference between observed data and calculated data. In this study, the
minimization of the nonlinear functional ¢,, with respect to P, was performed iteratively
by the Gauss-Newton method with the Marquardt’s modification (MARQUARDT, 1963).
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2.1.1 Regularized Inverse Problem

In geophysical applications, there is an infinite number of solutions that explain
geophysical observations within experimental accuracy. One way of making this
problem well-posed, is to introduce a priori information about the parameters to be
estimated. This is done by including regularizing functionals ¢ggc defined from a
desired relationship between parameters, and acting not only as mathematical devices
to stabilize the inverse geophysical problem, but also as constraints that reflect the
geological and physical characteristics of the Earth’s different environments.

After the introduction of regularization, the solutions to the inversion problem are
obtained from the minimization of both ¢; and ¢gr as parts of a single function called
objective function ¢:

0o (P) = 9a(P) + &t prec(P), (2.1.3)

where « is a positive scalar, called the regularization parameter, which controls the
relative weight of the information introduced by the regularizing functional to the
inversion process.

In this work two regularization functions were used: Global Smoothness ¢ss and
Total Variation ¢ry.

2.1.1.1 Global Smoothness

The Global Smoothness or first-order Tikhonov regularization (TIKHONOV;
ARSENIN; JOHN, 1977) is the well-known Occam’s inversion (CONSTABLE; PARKER,;
CONSTABLE, 1987) that leads to solutions in which the differences between parameter
values are minimal, that is, variations between parameter values are smooth. The
mathematical representation of the functional ¢gs is:

9cs(P) = ||SP||3, (2.1.4)

where S is a matrix which stores the relation between the parameters, each line
being filled with 1 and -1 in the positions of the pairs of parameters to be related and
zeros elsewhere.

The gradient vector g@ and the Hessian matrix H% of ¢gs are, respectively:

g% =V, 6s(P) = 2S'SP, (2.1.5)
H =V, V! ¢Gs(P) =2S'S. (2.1.6)

By minimizing the functional ¢, (Egq. 2.1.3) with the global smoothness
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regularization, solutions are the parameters corresponding to the smoothest model
that fits the data.

2.1.1.2 Total Variation

Smooth models representative of the subsurface geological structures are not
always desirable. There are cases where sharp discontinuities in the resistivity, as
in faults or intrusions, should be allowed in the models. The global smoothness
regularization leads to solutions in which regions of discontinuities are detected, but
softened in the solution model. On the other hand, the Total Variation regularizer does
not penalize sharp variations, clearly marking the abrupt changes in the parameter
values. The mathematical representation of the functional ¢y is (MARTINS et al.,
2011):

Ny—1
orv(P) =Y |(Pr1—P)l, (2.1.7)
i=1
or in matrix form
orv(P) = [|SP||;. (2.1.8)

However, if P, = P, the functional ¢y is not differentiable. To overcome this
problem, (VOGEL, 1997) proposed the approximation:

Ny

orv(P)= Y (B — Py +B]2, (2.1.9)
k=1

where f is a small and positive scalar.
The gradient vector and the Hessian of ¢ry are, respectively:

9"’ =8'q, (2.1.10)
HV =s’Qs, (2.1.11)

where q is a vector given by
q=—£=F) (2.1.12)

(=P +BIT

and Q is a diagonal matrix, with its non-zero values given by

B
=B _rrippe (2.1.13)

By minimizing the functional ¢, (Eq. 2.1.3) with the Total Variation regularization,
solutions with abrupt variations between the parameters are preserved.
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2.1.2 Gauss-Newton Method With Marquardt’s Strategy

The objective function ¢, (Eq. 2.1.3) is treated as a second order approximation
0o of ¢y around point Py, with the second order and higher derivatives equal to zero,
since the non-linear geophysical functional is approximated by a linear function in P.

R 1
0o (P) ~ ¢ (Pr) + AP, QY + EAP;H,S‘AP (2.1.14)

where AP, is the perturbation vector of the parameters, in the k-th iteration, and

a7 = (Veoa) P=p, (2.1.15)
HY = (VVpoa) |p=p, (2.1.16)

are, respectively, the gradient vector and the Hessian (second derivative matrix) of the
functional ¢, both with respect to the vector P evaluated in Py.

From the expansion of the functional ¢, in a Taylor series (Eq. 2.1.14) and taking
into account that g% = g¢ + a gk and HY = H{ + o HYFC, we can rewrite Eq. 2.1.14
as:

. 1
0o (P) =~ 9o (Py) + APL (@Y + a gREC) + EAP’k(Hg + a HREG)AP. (2.1.17)

Then, the gradient vector of ¢, is calculated with respect to vector AP, and equated to
the null vector, which results in (PUJOL, 2007):

(2A'A+ o H**C)AP = 2A'[d — F(P)] — o g**“, (2.1.18)

where A is the sensitivity matrix, defined as:

_ JFi(P)

Al'j—&—Pj|P:pk. (2119)

Thus, in the k-th iteration, Eq. 2.1.18 is solved for AP and the updated value of
the parameter vector will be
Pii1=Pr+AP; (2.1.20)

(MARQUARDT, 1963) suggests adding a factor A (Marquardt coefficient) to the
diagonal of the Hessian matrix to stabilize the steps of the process. It is a positive
scalar and its value is changed during the inversion process, according to the analysis
of the objective function ¢, in a given estimate, in relation to the previous estimate. If
the objective function decreases (¢ (Pi11) < ¢a(Px)), A changes to 1’1—0. If the objective
function increases (¢ (Pr+1) > 0a(Px)), A changes to 10A. After the addition of the
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Marquardt parameter, Eq. 2.1.18 turns to:
(2AA + a HREG L A AP = 2A! (d — F(P)) — o g*E¢ (2.1.21)

where | is the identity matrix and the updated value of the parameter vector will be
given by Eq. 2.1.20.

At a given iteration, if the objective function is close to the minimum, A is
sufficiently small compared to the elements of the Hessian and the method is closest
to the Gauss-Newton method (Eq. 2.1.18). On the other hand, in regions far from the
minimum point, A becomes large compared to the elements of the Hessian, making
the matrix (2A’A + o H®EG 1 A1) diagonally dominant, and the iteration simply takes a
small step in the downward direction of the gradient of ¢, (as in the Steepest Descent
method).
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3 APPLICATION

To illustrate the use of the inversion algorithm, we present its application to two
different sets of synthetic data, generated by a 2D forward modelling finite element
program, each one representing a specific geological structure. The synthetic data of
each problem were contaminated with 2% Gaussian noise. The starting models for the
examples presented here were a 200 Ohm-m homogeneous earth. The stability of the
solution was tested by performing the inversion of the same data set contaminated with
different random noise sequences.

3.1 Model 1

The first model (Fig. 2) represents a two-layer earth with a vertical fault. The
data comprises ten equally spaced measuring stations, going from -5km to 5km, with
21 logarithmically spaced frequencies in the range of 0.1 Hz to 1000 Hz. Figure 3
shows the corresponding apparent resistivity and phase pseudo sections for model 1.

Figure 2 — Section view of model 1.

Source: From author
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Figure 3 — TM mode apparent resistivity and phase pseudo sections.
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Except for the position of the fault, this model represents a layered earth, with a
150 m thick layer to the left of the fault and a 300 m thick layer to the right. Therefore,
most sounding stations record data that can be well fit by a 1D interpretive model. Each
sounding was inverted independently, as a usual 1D inversion, using the GS and TV
constraints in the vertical direction only (Figs. 4a and 4b).
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Figure 4 — Resistivity models obtained by 1D inversion using (a) Global Smoothness and (b)
Total Variation regularization in the vertical direction and no lateral constraints.
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The independent 1D inversion of each sounding yields an approximation of the
original model geometry. It can be noted that there is no big difference between the
results using the GS and VT regularizations, except for the more oscillatory nature of
the GS solution, which in this case is observed in the variations of the resistivities in
each column. The resistivities of each layer are estimated to a good approximation
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throughout the grid, except in the columns closest to the position of the fault where the
vertical constraint creates an unwanted smoothing, creating a smudged area. Despite
this, the fault itself is clearly resolved.

Because the model is predominantly 1D, that is, with no big lateral variations of
resistivity, the independent 1D inversion of each sounding is good enough to determine
the layer interfaces and its resistivities.

The estimated models obtained with the laterally constrained inversion (LCI)
process using the GS and the TV regularizations are presented in Figures 5a and 5b,
respectively.
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Figure 5 — Resistivity models obtained by 1D LCI using (a) GS (A = 10*, ay =5 x 10~ and
ag =5x107% and (b) TV (A = 10*, ay = 107>, ay = 10~* and B = 10~3) regularizations in both
vertical and lateral directions.
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While Figure 5b is showing that the smudged area is decreased in the LCl result,
being greater in the no lateral constraints result (Fig. 4b), Figs. 4a and 5a show that
there is no big improvement caused by the lateral constraint.

An overall comparison of the results with and without the lateral constraint, for
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the fault model, shows that the results are relatively close because the model is mostly
constituted by laterally continuous structures, except for the fault.

So this case illustrates a situation in which it is better not to use lateral, specially
smoothing, constraints because the lateral constraint improves little (or even does not
improve) the final inversion result.



Figure 6 — Data fitting curves for the 1D LCI using GS: positions (a) x

and (c) x = 5km.
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—5km, (b) x ~ —0.55km



Figure 7 — Data fitting curves for the 1D LCI using TV: positions (a) x

and (c) x = 5km.
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Figures 6b, 6¢, 7b, and 7c show the data fitting for different sounding positions
with the GS and TV regularizations, respectively. The whole data was well adjusted in
both cases because there is no big lateral variations of resistivity.

3.2 Model 2

Figures 8 and 9 show the second model tested in this study and its
corresponding apparent resistivity and phase pseudo sections. This is a two-layer
model containing two conductive bodies (10 ohm.m) located in the upper layer. The
data comprises 15 equally spaced measuring stations, going from -1km to 1km, with
21 logarithmically spaced frequencies, varying from 0.1Hz to 1000Hz.

Figure 8 — Section view of the model 2.

Source: From author
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Figure 9 — TM mode apparent resistivity and phase pseudo sections.
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The inversion results using the GS and TV regularizations in the vertical
direction only (no lateral constraints), are presented in Figures 10a and 10b,

respectively.
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Figure 10 — Resistivity models obtained by 1D inversion using (a) GS and (b) TV regularizations
in the vertical direction and no lateral constraints.
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The vertical constraint creates an unwanted smoothing, with a smudged area
below the location of each block. This shaded area is even bigger below the second
block, probably because its base coincides with the horizontal interface. For this case,
the independent 1D inversion of each sounding can not give a good solution, because
now there’s no station which isn’t under the influence of the 2D structures.
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The laterally constrained inversion (LCI) of the synthetic data generated by
model 2 resulted in the resistivity models shown in the Figures 11a and 11b.
Figure 11 — Resistivity models obtained by 1D LCl using (a) GS (A = 10*, ayy = 107> and o =

3x107#) and (b) TV (A = 10%, oy = 1074, oy = 5 x 10~ and B = 1072) regularizations in both
vertical and lateral directions.
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Both Figures 11a and 11b show good results in the sense of detecting the
presence of the two conductive bodies and the position of the interface between the
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layers. The effect of the vertical constraint, that spread the influence of the conductive
bodies down through the columns, is now balanced by the influence of the lateral
constraints, so the bodies are better delineated using the LCI.

The inversion result using the GS regularization is somewhat “over smoothned”.
This is most noticeable is the positions below the conductive blocks, where the artifacts
created by the vertical constraints are stronger. Because of that, the definition of the
interface is impaired.

The inversion with the TV constraints (Fig. 11b) was more efficient in delineating
the bodies both horizontally and vertically, despite the permanence of the vertical
constraint effect.
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Figure 12 — Data fitting curves for the 1D LCI using GS: positions (a) x ~ —0.57km above the
first block (b) x = Okm right in the middle of the two blocks and (c) x ~ 0.57km above the second

block.
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Figure 13 — Data fitting curves for the 1D LCI using TV: positions (a) x ~ —0.57km above the
first block (b) x = Okm right in the middle of the two blocks and (c) x ~ 0.57km above the second

block.
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The apparent resistivity and phase curves are used to show the data fitting in
Figures 12 and 13, with the GS and TV regularizations, respectively. Note that in this
case the data can not be as well fit as in the first case (model 1), because now there’s
really no measuring station on a position far from the 2D structures.
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4 CONCLUSION

The results show that the 1D laterally constrained inversion method applied to
MT data is an effective way for delineating 2D geoelectrical structures. It generates very
fast results in detecting 2D isolated structures, resulting in an efficient and inexpensive
tool for quick imaging, especially on areas which can not be well approximated by
layered models.

The Global Smoothness and Total Variation methods are sufficient to achieve
the model solution. Moreover, the TV constraint improves the results at the edges of
the body since it allows abrupt variations in the parameters.

For cases like the first model, where most of the geoelectrical structure is
predominantly 1D, the LCI yields to no big improvements if compared to the results
of the independent 1D inversion of each sounding. On the other hand, for cases like
the second model, the LCI balances the effect of the vertical constraint and better
delineates the conductive bodies.

The LCI results can be used as interpretive (initial) models of a 2D inversion
algorithm, avoiding solutions that correspond to local minima.
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